ABSTRACT
INTRODUCTION

The study of 2D shapes and their similarities is a central problem in the field of vision. It arises in particular from the task of classifying and recognizing objects from their observed silhouette. Defining natural distances between 2D shapes creates a metric space of shapes, whose mathematical structure is inherently relevant to the classification task. Sharon and Mumford 1 propose a method for the representation and comparison of 2D shapes based on constructions from the theory of conformal mapping. This intriguing metric space comes from using conformal mappings of 2D shapes into each other, via the theory of Teichmller spaces. In this space every simple closed curve in the plane (a "shape") is represented by a fingerprint which is a diffeomorphism of the unit circle to itself (a differentiable and invertible, periodic function). More precisely, every shape defines to a unique equivalence class of such diffeomorphisms up to right multiplication by a Mbius map. The fingerprint does not change if the shape is varied by translations and scaling and any such equivalence class comes from some shape. This coset space, equipped with the infinitesimal Weil-Petersson (WP) Riemannian norm is a metric space. In this space, the shortest path between each two shapes is unique, and is given by a geodesic connecting them. Their distance from each other is given by integrating the WP-norm along that geodesic. In this manuscript
we provide an introduction to the basic fingerprint construction used in this space, and then examine how the geometry of a 2D shape is encoded in the fingerprint.
Background: Complex Analytic Functions and Conformal Mapping
Let Ω be a region in the complex plane C. A function f : Ω → C is said to be complex analytic in Ω if it is differentiable at all z 0 ∈ Ω, that is 
It is a remarkable fact that the existence of this complex derivative implies the existence of a convergent power series on all discs
The 
Computing the Riemann Mapping
We are interested in computing the Riemann map f : D → Ω. While there are some elementary cases in which we can find an explicit formula for f , it is not possible to do so in general. There are a number of high-quality software packages available for numerical computation of the Riemann map; we mention a few here.
Schwarz-Christoffel mapping
Let Ω ⊂ C be a polygon with vertices {v k } N 1 and interior angles {πα k } N (6) where the set of 'prevertices' {u k } are the preimages of the vertices, i.e. 
. It can be shown that if f : D → Ω is a conformal map, then it can be written as a Schwarz-Christoffel integral:
f (z) = A + C z N k=1 (z − u k ) α k −1{u k } = {f −1 (v k )}.
Physics of the Riemann Map
We claim that the boundary derivatives of conformal maps encode useful features of the geometry. This can be made intuitive by appealing to the physics of conformal mapping. There is a close connection between conformal mapping and the physics of heat flow and electrostatics. In particular, conformal maps can be used to construct Green's functions for the Laplace operator on simply-connected domains.
Our first step is to observe that harmonic functions are preserved under conformal maps. That is, let Ω ⊂ C be a domain and let f map D conformally onto Ω. Suppose further that
h : D → R satisfies h = 0 in D.
FINGERPRINTS AND CONFORMAL WELDING
We need to introduce some notations. Let Γ ⊂ C be a simple closed curve. Then we write: 
The existence of Φ − is guaranteed by the Riemann Mapping theorem, and Φ − is unique up to Möbius transformations of the disc. To see that the Riemann mapping theorem guarantees the existence of the exterior map Φ + , observe that we can write Φ + in the form
where f is some map from the interior of the disc to the complex inversion of Γ + , i.e. the set {z ∈ C : 1/z ∈ Γ + }. 
Conformal Axes
The boundary derivatives of the interior map and the derivatives of the fingerprint can both be used to construct a sort of axis on the interior of the shape. These constructions rely on the behavior of the boundary derivatives of conformal maps. 
This construction can be viewed as a conformally-natural version of the medial axis of a shape. The medial axis is defined as the set of centers of all inscribed circles with at least two points of tangency with the boundary
Conformal Welding
Hf(x) = (f * k)(x) = f (y)k(x − y)dy(10)
Note that if we interpret the integral in the sense of principal values at the kernel's singularity then it is wellbehaved as long as f is continuous.
Since the derivative of the function sign(x) is 2δ 0 , we compute the Fourier transform
Therefore, 
Now since on the circle
we obtain
This is interpreted as the Hilbert transform of the statement that Φ − is analytic on the disc. Now subtracting our two conditions we obtain
Since F is defined only up to translation, we replace F by F − a0−c0 2 . Now define
and we can rewrite the preceding expression as an integral equation
We can in fact show that K is a smooth integral operator (and hence a compact operator). We first expand K:
Gathering terms yields (29) 
